In this paper, we propose two protocols for generating super-resolving single-photon pathentangled states from general maximally path-entangled N00N states. We also show that both protocols generate the desired state with different probabilities depending on the type of detectors being used. Such super-resolving single-photon path-entangled states preserve high resolving power but lack the requirement of a multi-photon absorbing resist, which makes this state a perfect candidate for quantum lithography.
INTRODUCTION
With the promising ability to beat the Rayleigh diffraction limit, Quantum lithography has drawn a great amount of attention ever since it was first proposed by Boto et al. in 2000. The original proposal and the experiment realizing quantum lithography [1] [2] [3] exploits the path-entanglement of an ensemble of N photons whose de Broglie wavelengths are effectively N times smaller than that of a single photon. However, one of the difficulties of such a scheme is that the arriving quantum-correlated photons are not always concentrated at the same absorption spot [4] . Moreover, an N -photon absorption process requires a multi-photon absorbing resist [5, 6] which limits their utility. Therefore, instead of utilizing photon entanglement, several other approaches with non-quantum states of light [7] [8] [9] [10] [11] [12] [13] have been developed, all of which require either a nonlinearity material or resonant fieldatom interaction.
Here we show that it is possible to implement quantum lithography via a refined approach with entangled optical fields, where a super-resolving single-photon pathentangled state is generated by reducing the photon number of an N photon path-entangled state but preserving its N -fold resolving power. The aforementioned difficulties of the need for a multi-photon absorbing can be automatically resolved with the application of this type of super-resolving single-photon path-entangled state.
An N photon maximally path-entangled state, which is also known as the N00N state, in a two-path interferometer with a φ phase shift in one path is defined as [14] |N :: 0 N φ ≡ 1 2 |N, 0 + e iN φ |0, N .
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Recently, a "High-N00N" state with N up to five has been generated in the lab [15] . The super-resolving power of the N00N state comes from the N -fold relative phase between |N, 0 and |0, N . Consequently, a super-resolving single-photon path-entangled state, which refers to a N00N state with single photon number but original super-resolving power, would have the form
For the sake of later calculation, we also define a more general N00N state whose super-resolving power is different from its photon number as
The purpose of this paper is to show how to produce states of Eq. (2) from states of Eq. (1) by generating sequence of states of Eq. (3), with only linear quantum optical elements.
I. WHICH-WAY INFORMATION AND QUANTUM ERASER
In this first section we show that the acquisition of which-way information destroys the phase-resolving power of a maximally path-entangled state. For pedagogical reasons, we start with a |2 :: 0 2φ as the input state before the beamsplitters in Fig. 1 . Assuming the two beamsplitters have same transmittance t and reflectance r, and from the standard quantum beamsplitter transformation [16] 
it is straightforward to calculate the probabilities of transmitting all possible states to a is shown in Table I . Notice that because of the availability of the which-way information of the incoming photon, the chance of transmitting |1 :: 0 2φ is zero.
detector state transmitted state probability If an extra 50-50 beamsplitter is introduced as in Fig. 1 plus an extra 50-50 beamsplitter which erases the which-way information and the relative phase is preserved at the output. The dashed lines connecting detectors c and d represents the fact that coincidence detection is only needed under certain circumstances which will be specified in later sections. On the other hand, the 50-50 beamsplitter is always necessary.
the environment. Therefore photons are subtracted coherently from the original state (modes a and b) and the relative phase is preserved in the transmitted state (modes a ′ and b ′ ). The detection probabilities change accordingly and are shown in 
′ are single photon states and preserve the two-fold phase-resolving power, they are in general not valid output states because of the extra i in the relative phase. However, we can apply certain phase shifts to make such states usable, which is discussed in later sections. Moreover, quantum interference is observed when all photons are reflected into the 50-50 beamsplitter and the corresponding probabilities vary as a function of the phase shift φ, as would be expected from a lossless Mach-Zehnder interferometer.
In conclusion, a "quantum eraser" is necessary to generate a super-resolving single-photon path-entangled state and we refer to the set-up shown in Fig. 2 as a "unit", since it is used repeatedly in following calculation. In addition, with a general |N :: 0
Mφ as the input, the probability of detecting a |m, n d,c in a unit is shown to be
Here ρ = r 2 , 1 − ρ = t 2 and |ψ total is the full output state in modes a ′ , b ′ , d and c. In P With ordinary photodetectors we are only able to tell if any photon arrives at the detector or not, but not how many of them. Consequently, it is unknown how many photons are reflected in a single unit. Therefore we introduce a stacking of units, in each of which the coincidence detection is implemented, to enhance the probability of generating the correct state.
To see how the coincidence detection is beneficial, we consider the example where the input of a unit is |3 :: 0 3φ . We take into account two probabilities. With the first probability, it is easy to see that there are ten possible detected states and only when a |1, 1 d,c is detected we generate the |1 :: 0 3φ a ′ ,b ′ . This is a direct result from the Hong-Ou-Mandel (HOM) effect [17, 18] . With the second probability, if we do coincidence detection and take the output states only when both c and d click, the chance of |1, 1 d,c being detected is much higher, since there are only two other coincidence states: |2, 1 d,c and |1, 2 d,c . We call the former the "probability of detecting some state" and the latter the "conditional probability of detecting some state". Both kinds of probabilities are discussed in following calculations.
A. Odd photon number input state
For a general input state |N o :: 0 Noφ with N o ≡ N l = 2l+1, l = 1, 2, 3..., we need l units to generate the desired output |1 :: 0 Noφ , as shown in Fig. 3 . The procedure is as follows: we propagate the input state from lth unit at the leftmost to the first unit right before the output, and for each unit i we only pass on those cases where a coincidence between d and c is detected (see Fig. 2 ). This makes sure that in each unit, at least two photons are subtracted from the input state while the multi-fold relative phase e iNoφ is intact. This is exactly what is needed to generate a super-resolving single-photon pathentangled state from a general maximally path-entangled state.
On the other hand, however, such a procedure has a low efficiency. The reason is that any state that loses more than three photons in any unit will NOT be propagated to the output because it has to lose one photon or none at all (i.e., no coincidence) in some other units to compensate for excess photon loss. Therefore there are only two possible output states: (a) |1 :: 0 , where every unit subtracts two photons, i.e., a |1, 1 d,c is detected in each unit; and (b) |0 :: 0 , where one of the
A stacking of units to reduce a |No :: 0 Noφ , with No = 2l + 1 being an odd number. Each rectangle represents the unit described in Fig. 2 . Notice we count from the output for the ease of calculation. Unit i with a reflectance of ri is the ith last unit before the output. It has a N00N state |Ni :: 0
Noφ as the input state. Note that though the number of photon is decreasing from left to right, the relative phase is always Noφ, which is exactly what we need to generate a super-resolving single-photon path-entangled state. units subtracts three photons, i.e., a |1, 2 d,c or a |2, 1 d,c is detected, and all others subtract two.
For scenario (a), the probability can be calculated as
For scenario (b), we first show that the probability of detecting a |1, 2 d,c in the ith unit while a |1, 1 d,c is detected in all others is (a detailed derivation is presented in Appendix B.)
And the sum of all possible units for which |1,
. Similarly, we have the probability of detecting a |2, 1 d,c in the ith unit while a |1, 1 d,c is detected in all others as
and
No ith |2,1 . Now the conditional probability of transmitting a |1 :: 0
Noφ after unit 1, given the photon number of the input state is odd and coinci-dence detection is employed in every unit, becomes
. (9) The probability of generating |1 :: 0
No can be maximized by choosing a optimal reflectance ρ k for the kth unit. Physically, it is easy to show from Eq. (6) that this probability maximizes when ρ k = 2/(2k + 1) (i.e., the most probable number of photon being reflected in each unit is two) and
where in the last line Sterling's formula is used in large N o limit [19] . This probability decreases exponentially with increasing N o as expected.
On the other hand, there is no optimal ρ k ∈ [0, 1] that leads to a maximal conditional probability; P No cond. in Eq. (9) is independent of P No all |1,1 and approaches unity when all ρ k are close to zero. However, we can set a critical conditional probability P No cond. | c and compute the corresponding ρ k . Assuming N o = 7, φ = π/14, all ρ k are equal to ρ c and we want 50% chance of transmitting a |1 :: 0 7φ state whenever a coincidence is detected in unit 1, i.e., P No cond. | c = 0.5, then ρ c can be calculated to be around 0.31; when P No cond. | c = 0.9, ρ c ≈ 0.06. However, this doesn't mean that we can obtain more outputs by decreasing the reflectance of each unit. In the previous example, the probability of generating |1 :: 0 is P No all |1,1 = 0.2% when ρ = 0.31 in each unit and almost zero when ρ = 0.06. Therefore, a higher conditional probability (i.e., higher fidelity) comes with a lower probability (i.e., efficiency), and vice versa. A similar reciprocal relation is described in Ref. [20] .
B. Even photon number input state
For a general input state |N e :: 0 Neφ with N e = 2l, l = 1, 2, 3..., we need l units to generate the desired output |1 :: 0 Neφ , as shown in Fig. 3 . The procedure is as follows: we propagate the input state from lth unit at the leftmost to the second unit right before the first unit, and for each unit i ∈ [2, l] we only pass on those cases where a coincidence between d and c (see Fig. 2 ) is detected; in the first unit however, we do a photo-detection on both d and c but no coincidence counting. Whenever d (c) clicks we apply a −π/2 (π/2) phase shift on mode b
′ . This makes sure that in each unit from l to 2, at least two photons are subtracted from the input state while the multi-fold relative phase e iNoφ is intact. Following a similar reasoning in the odd-number case, we can see that there are only two possible input states for unit 1: (a) |2 :: 0 , where every unit from second to the lth subtracts two photons, i.e., a |1, 1 d,c is detected in each unit; and (b) |1 :: 0 , where one of the other units subtracts three photons, i.e., a |1, 2 d,c or a |2, 1 d,c is detected, and all others subtract two. Moreover, from Table II , it is easy to see that a single click in d corresponds to a 1/ √ 2(|1, 0 a ′ ,b ′ + ie iNeφ |0, 1 a ′ ,b ′ ) being transmitted, and a −π/2 phase shift on b ′ turns it into a |1 :: 0
Neφ . Similar logic applies to a single click in c. This justifies our procedure as a valid way of generating a super-resolving single-photon path-entangled state.
For scenario (a), the probability of having |2 :: 0
Neφ as the input of unit 1 is
And the probability of detecting only one photon in unit 1 with this input state can be easily read off from Table II as 2t 
For scenario (b), we first show that the probability that a |1, 2 d,c is detected in the ith unit while a |1, 1 d,c is detected in all others is (a detailed derivation is presented in Appendix B.)
And the sum of all possible units for which a |1, 2 d,c is detected becomes P Neφ in the case of even photon number input state, given a coincidence is detected in unit 2 to unit l and either d or c (but not both) in unit 1 clicks:
The 2 − ρ 1 1 + cos 2 (N e φ/2) ρ 1 in the denominator represents the probability of getting one click in unit 1 given its input is a |2 :: 0 Neφ , while ρ 1 represents that of a input state of |1 :: 0
Neφ .
From Eqs. (12) and (13), the probability of generating |1 :: 0 Neφ can be maximized by choosing an optimal reflectance ρ k for the kth unit. Physically, it is easy to show that P Ne all |1,1 maximizes when ρ k = 1/k and
where in the last line Sterling's formula is used in large N e limit. And it is easy to show the expression 2(1−ρ 1 )ρ 1 in Eq. (13) has a maximal value of 1/2 when ρ 1 = 1/2. Therefore the maximum probability of transmitting the correct state is N e !/N e Ne , which agrees with Eq. (10) and can be reached when the reflectance of the units are such that
On the other hand, there is no optimal ρ k ∈ [0, 1] that leads to a maximal conditional probability in Eq. (15) . Just as the case with odd photon number input state, we may set a critical probability and ask the corresponding ρ k , and the reciprocal relation between fidelity and efficiency stands as well.
III. GENERATION OF |1 :: 0
Nφ WITH NUMBER-RESOLVING DETECTORS With number-resolving detectors implemented at d and c in Fig. 2 , we are able to tell how many photons are reflected in a unit [21, 22] . Therefore it is much easier to generate a |1 :: 0 N φ from a general |N :: 0 N φ -only a single unit is needed. The protocol is as follows: assuming m and n photons are detected at d and c in a single unit with reflectance ρ, we (a) propagate the state to the output only when m + n = N − 1, and (b) given (a) is true, we apply a (n − m)π/2 phase shift on mode b
′ . This protocol can be easily derived.
A general input N00N state in Fig. 2 is
where N can be either odd or even. The corresponding output state at a
Given we are only interested in transmitting one photon to the output, states in |ψ out with k = 1 can be ignored and we are left with
Since |k,
The state in the last parentheses is a |1 :: 0 N φ with an extra phase of (m− n)π/2, which can be corrected by applying an (n − m)π/2 phase shift on mode b
′ . This allows us to keep all transmitted states with such detected photon numbers m and n in mode d and c that m+n = N −1. In contrary, there are always faulty transmitted states when only coincidence detection is available. From Eqs. (20) and (21) , the probability of transmitting the correct state with photon number-resolving detectors is
where ρ = r 2 as before. This probability maximizes at ρ = r 2 = (N − 1)/N , with
where in the last line we take the limit of large N .
In Fig. 4 we plot the probabilities for protocols with and without number-resolving detectors. It is easy to see that with photon number-resolving detectors, a superresolving single-photon path-entangled state is much more likely to be generated from a general N00N state. Moreover, since we have complete control over the state being transmitted, the conditional probability with photon number-resolving detectors is always one.
IV. CONCLUSION AND DISCUSSION
In this paper, we have proposed two protocols for generating a super-resolving single-photon path-entangled state |1 :: 0 N φ from a general N photon N00N state, either with or without photon number resolving detectors. On one hand, both protocols require an extra 50-50 beamsplitter on top of a general two-path interferometer to cloak the which-way information of the reflected photons to maintain the coherence of the transmitted states. On the other hand, the generation of |1 :: 0 N φ without photon number resolving detectors has to be realized in ⌊N/2⌋ steps, whereas that with photon number resolving detectors can be done in one step since we have full knowledge of the detected photon numbers. In addition, we have shown that both the probability (efficiency) and conditional probability (fidelity) of generation are higher when photon number resolving detectors are involved. In the case with non-resolving detectors we can achieve arbitrarily high fidelity, however at the cost of low efficiency.
We conclude this paper with a discussion on the effect of the imperfection of detectors. Following the same argument in Ref. [20] we may ignore the deteriorated efficiency and dark counts because of the short operationtime windows, and consider only the imperfect detection efficiency of the detectors. First we consider the case without photon number resolving detectors and assume all detectors are the same. From Ref. [19] it is easy to see that the numerator of Eq. (10) 
No , where η is the detector efficiency and η
No is the probability that each of N o detectors clicks accurately. Thus this protocol performs exponentially poorly when detector efficiency is not unity. With photon number resolving detectors, since only two detectors (one unit) are involved, the effect of detector efficiency scales as η 2 , which is independent of the number of input photon.
The probability of detecting an arbitrary state |m, n d,c is then 
Appendix B: Derivation of Eqs. (7) and (14) For scenario (b) in the case of odd photon number input state, the probability of detecting a |1, 2 d,c in the ith unit while a |1, 1 d,c is detected in all others is 
Similarly, for scenario (b) in the case of even photon number input state, the probability of detecting a |1, 2 d,c in the ith unit while a |1, 1 d,c is detected in all others is 
